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Consider the unsteady ax i a l l y  s y m m e t r i c  f i l t ra t ion  in a s t ra t i f ied 
aquifer consist ing of two highly  p e r m e a b l e  strata separated by a band 
of low p e r m e a b i l i t y .  The upper s t ra tum has a cover  of low pe rme-  

ab i l i ty  (cover  rock) con ta in ing  the water  table ,  whi le  an i m p e r m e a b l e  

layer  l i e s  under the lower one (see f igure).  The f i l t ra t ion  is everywhere  

e las t i c .  An analogous prob lem has been considered [ 1 - 5 ]  e i ther  sub- 
j e c t  to the condi t ion tha t  the pressure in one s t ra tum remains  una l -  

tered,  or wi th  the p e r m e a b i l i t y  of the cover  rock neg lec ted ,  or on the 

assumption tha t  the passage through the band occurs under a h igh  dif-  

f e ren t i a l .  Shestakov [6] considered this p rob lem on the assumption 

tha t  the cover  rock is i m p e r m e a b l e  and obta ined an approx imate  solu- 

tion for the case in which the two strata  are equa l  in p e r m e a b i l i t y .  
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NOTATION 

r--radial coordina te ,  

z - - v e r t i c a l  coordinate ,  
h - h e a d  reckoned from the cover,  

h0 - i n i t i a l  head,  
k - f i l t r a t i o n  coef f i c ien t ,  

m- - s t r a tum thickness,  
<mt>- -mean  thickness of cover,  

T- - f i l t r a t ion  p e r m e a b i l i t y ,  

# ~  wa te r - r e l ease  factor ,  

g ~ - r e l e a s e  factor  of cover,  
a - p r e s s u r e - p e r m e a b i l i t y  factor ,  
a l - c o e f f i c i e n t  for transfer v ia  cover,  

c % - c o e f f i c i e n t  for transfer v ia  band.  

T : km,  a :  F i b  ~ , a i  : k l l  <ml>, a~ : k~l  ma. 

The mean ing  of the n u m e r i c a l  subscripts wi l I  be c lea r  from the f igure.  

w The fol lowing are the l inear  d i f ferent ia l  equat ions der ived on 

the assumption tha t  the ve r t i ca l  component  of the f i l t ra t ion  rate  is in-  

dependent  of z wi thin  the cover  rock: 

Oh~ = a~ (h~ - -  h i ,  Ix~-gg 

F2 ~ ~ :  -- T2Ahz - -  ks 
L dz Jz=--m~ 

Ohs ~t, 02h3 

T~Ah.~ 7- s A = - -  (I.I) F~" -~  = L o z  % : = - ~ - , ~ '  r -57- \ DT/"  

Khantush [5] gave  the third equa t ion  in this system, which de-  

scribes the mot ion  in the band under e las t ic  condit ions.  

We assume that  there  is no mot ion  at  the start and that  the per fec t  

borehole  co l l ec t ing  water  from the lower  stratum is of zero radius. 

Then the in i t i a l  and boundary condi t ions are 

h ( r ,  0 ) = h a ( r ,  0 ) = h a ( r ,  z, 0 ) = h a ( r ,  0 ) = h ~  , 

( ~ , - - m ~ ,  t) = h2 (~, t) , 

ha (r ,  - - m z - - m s ,  t )  = h~ (r, t) , ( 1 . 2 )  

l im 2.~T~r Oh~ :_ Q, l ira 2nT~r __Oh~ = 0 .  (1.3) 
r-+0 Or r~O Or 

Here Q is the constant flow rare from the borehole .  We apply a 
Lap lace  t ransformat ion to (1.1) to get  

6'1 : $2 - - p ~ s  oh+ al  ' (S - -  ho - -  h) ,  

Here S is the Lap lace  transform of the region of reduced pressure. 

The exac t  solut ion to (1.6) is ve ry  compl i ca t ed ,  so we shall  consider 

approx imate  solutions more  su i table  for c a l cu i a t i on .  

r 

,, o I z~ Z ,  ~ Ira, 

w Let  t be  the r i m e  for which water  is t aken  from the stratum, 

which is not less than the sma l l e r  of 10 p l / a l  and 10 la~~ In that  

case,  pa r ame te r  p should have  values  not less than  0.1 a l / p  ~ and0.1  • 

x a s / / a  in the region of the images ,  and we m a y  put a p p r o x i m a t e l y t h a t  

~ms eth (~ms) = t ' p~8~ ~ s  = i ,  

Pbl -- p b_2L, a ~  = i �9 (2.1) 
p~z @ a l  a l  Pill  @ ch 

Equations (1.4) and (1.6) then b e c o m e  

$1 = S~ , (2.2) 

T 2 A S ~ - - w s  s S ~ + a a  $ 4 = 0 ,  e s S = p l x ~ *  + a a ,  

T4 AS4 - -  o ~  $4 @ a3 Ss ~ 0,  ~a  ~ = p ~ta* + a s  , ( 2 . 3 )  

~ *  : ~ I  + p-~~ q -  a/s ~a ~ ~ta* : [-t4 ~ "F ~/s F3 ~ �9 ( 2 . 4 )  

A solut ion to (2.3) that  is bounded as r -~ 0r is sought in the  form 

Sz  = A C K  o (r~J + D B K o  ( r~J ,  

$4 = CKo (r~l) + DKo (r~J �9 (2.5) 

Here K0(rg) is a modi f i ed  zero-order  Bessel funct ion of the second 
kind,  

A = t +  P ~ a * - - T 4 ~ 1 2  , 
5a 

1 

Ta / ' 
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M =4as2 T2 + Sp/lXs,  , Ts  \ To s 
- -  [ \ T4 

(2.6) 
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Constants C and D are def ined by condit ions (1.3), so the solution 
for l a rge  t is 

( r l~ ) - -  (r~)},  
AB 

S~(r, P ) = 2  4P A - - B  {Ko K0 

s4 (r,  p)  - Q 2z~Tap A - -  B {nKo (r~:--BKo ( r ~ ] ) } ,  

& (r, p) = &,  (rp). (2.7) 

The fo l lowing  are par t icu lar  examples  in which the or iginals  of the 
funct ions are g i v e n  in terms of t abu la ted  functions.  

(i') Rocks are very  inhomogeneous ,  so hydrogeolog ie  pa ramete r s  
are of low accuracy .  We assume tha t  Tz and 1"4 are of the same order, 

as are g~ and ~ ,  so T~ = T4 = T,  V~ = ~ = g~ which wi th  (2.7) g ives  

~s = (I/T) (p  (p,~ -5 1/2 ~1-5 1/31Xa ~ -5 ~s ~ 0~a u  -5 p2~11 / 4~3 ~} . 

Since p is smal l ,  we have app rox ima te ly  tha t  

P - 5 2 ~  $ 2 ~ = - -  p , T 
~ = T ' ~ a 1 ~~ -5 ~ / ~  -5 Va ~3 ~ 

A "1 AB 1 B 1 
A - - B  2 A - - B  T "  A - - B  -s 

and (2.7) becomes  

S~ = ~ {K 0 (r~e) - -  Ko (r~l)) ,  

& = ~ {Ko (riSe) -5 Ko (r13~)} " 

Opera t ional  ca lcu lus  g ives  us the  originals: 

p-~Ko(r~)-- l /eW(u,  ~), p-~Ko(r~e)----X/=Ei(--u) 

o o  c ~  

S --Ei(--u)=j - T '  W ( u ,  8 ) =  8 ~ d ~  

22 U 

(2.8) 

(2.9) 

Functions W(u, 6) has been  tabu la ted  [5].  These relat ionships  g ive  

h,=h~, h~=ho--  Q { - - E i ( - - u ) - - W ( u ,  6)} - ~ , 

h~ := h0 - -  Q ~ { - -  E i  ( - -  u) -5 W (u, 6)} (2.10) 

In par t icu lar ,  ff the cover rock is t aken  as impe rmeab l e ,  the re-  

l a t ion  for h~ drops out. Putt ing Px = 0 in (2.8), we ge t  the solution 
g iven  by  Shestakov [6] ,  which he found by rep lac ing  the equations 

for the band by a f i n i t e -d i f f e r ence  equat ion ,  though he put c~ = 1 /2  

instead of a = 1 /3  in the expression a = T / (p  ~ + a /~) .  

The pressure di f ference be tween  the two strata is 

he(r,  t ) - - h 4 ( r ,  t) = ~ Q  W ( u , ~ )  , 
4~T 

and for this we have  the l i m i t i n g  re la t ion  

--  Q Ko(6).  (2 .1 i )  [h~ (r, t) - -  h4 (r, t ) l~=~ -- 

The non-s teady state part of the  d i f ference  becomes  unimpor tan t  for 

u < 0.10 6 z. From the l i m i t i n g  r e l a t ion  

l ira pF (p) = ] (co) (F (p) -- ] (t)) , 
p-+O 

we get  from (2.8) that  (2.11) re ta ins  its form for other pe rmeab i l i t i e s  
of the strata if  we assume tha t  in the general  case 

i o which  the lower  s t ra tum (con ta in ing  more  water)  has  a head  h 4 = const, 

without  re ference  to  the borehole .  Putt ing T 4 ---" ~ in (2.6), we have  

~lu = P.~ -5 aa ~2 e = 0, A - -  t (2.13) 
a T~ ' A--B ' 

and so the solut ion becomes  

hl=h~,  h2=ho-- Q - ~ - W ( u ,  5) 
4nT~ 

u = r2 , \ T z  / / " ( 4at a = --~-,, ~3 = r  [ aa ~'1,~ (2.14) 

In the s teady s ta te  

h2 (r) = ho --2-~0T7 Ko (6 )  p 
(2.15) 

w if t does not exceed  the smal le r  of 0.1 p~/aa and 0.1 pl /ai  and 
corresponds to a va lue  of p not  less than  the la rger  of 10 cxs/p~ and 

10 al/p~, then approx ima te ly  

vma - -  0,  PP.1 = 1, 
sh  (~m~) p~tt + c*1 

Ctr =0, ctl=0 , (3.i) 
p ] ~  -5  ar 

Sz = $2 = O, 

We note  that  

Then (1.4) and (1.6) b e c o m e  

S~ = 0 ,  h &  - -  oa  ~ & = 0, ~ = T~ - I  ( P l &  + k3 p l / ~ ) ,  

A & - -  (o4eS4,= O, o)a2 = T4-1(p~l~ -5 ka y p / aa) . (3.2) 

The  solution, bounded as r "~ 0% tha t  sat isf ies (1.2) and (1.3) is 

& = . , Q ~  K0(ro4).  (3.3) 
z~z zp 

t 
p 

~ (,U2 ~d~ ~ 
T e-~" eric ~ - 7  - - ~ - =  7 H ( u ,  v) 

(u  = r~ = T4 v rka { a4 ~'/,~ (3.4)  

Function H(u, u) has been  t abu la ted  [5],  so the solution for smal l  t 

hl : he = ~0, t74 (P' t) = h 0 - -  �9 t H (L~, V) .  
4•14 

(3.5) 

This solution ind ica tes  the impor tance  of consider ing the e las t ic  
mode  of f i l t ra t ion  in the m a i n  aquifers and in the baud of low pe rme-  
ab i l i ty .  The l e a k a g e  through tha t  band subs tan t ia l ly  reduces the pres- 

sure drop in the s t ra tum used for ex t rac t ion ,  s ince the transfer of pres- 

sure from one stratum to the other occurs wi th  a t i m e  detay.  This 
means  that  t must  not be  less than that  g iven  by (8.1) if  pumping from 

a borehole  is performed in order to de tec t  in te rac t ion  of strata and to 

de te rmine  hydrogeologic  parameters .  

For ins tance ,  if k 1 = 0.1 m / d a y ,  ks = 10 -4 m / d a y ,  <m D = 100 m, 

m s = 10 m,  gl = 0.1, ~ = 10 -4 , then (3.1) ind ica tes  tha t  a reduct ion 

in the pressures is to be  expec ted  not sooner than a day after the start 

of pumping .  
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