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INTERACTION OF TWO WATER-BEARING HORIZONS SEPARATED BY A SLIGHTLY PERMEABLE BAND
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Consider the unsteady axially symmetric filtration in a stratified
aquifer consisting of two highly permeable strata separated by a band
of low permeability. The upper stratum has a cover of low perme-
ability (cover rock) containing the water table, while an impermeable
layer lies under the lower one (see figure), The filtration is everywhere
elastic. An analogous problem has been considered [1-5] either sub-
ject to the condition that the pressure in one stratum remains unal-
tered, or with the permeability of the cover rock neglected, or on the
agsumption that the passage through the band occurs under a high dif-
ferential. Shestakov [6] considered this problem on the assumption
that the cover rock is impermeable and obtained an approximate solu-
tion for the case in which the two strata are equal in permeability.

NOTATION

r—radial coordinate,

z—vertical coordinate,

h-head reckoned from the cover,
hy—initial head,

k—filtration coefficient,

m~—stratum thickness,

¢my> —mean thickness of cover,
T—filtration permeability,

I —elastic water-release factor,

w —release factor of cover,
a—pressure-permeability factor,

oy —coefficient for mransfer via cover,
og—coefficient for transfer via band.

I = km, a:T/MO, oy = k1 / <m), s = kg / ma-

The meaning of the numerical subscripts will be clear from the figure.

§1. The following are the linear differential equations derived on
the assumption that the vertical component of the filtration rate is in-
dependent of z within the cover rock:
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Khantush [5] gave the third equation in this system, which de-
scribes the motion in the band under elastic conditions.

We assume that there is no motion at the start and that the perfect
borehole collecting water from the lower stratum is of zero radius.
Then the initial and boundary conditions are

hy(r, 0) = ko {r, 0) = ha(r, 3, 0) = ha (r, 0) = by

hg (r,—ma, t} = ha (r, 1),

by (r, —ma—ms, £) = hs (r, 1), (1.2)
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Here Q is the constant flow rate from the borehole. We apply a
Laplace transformation to (1.1) to get
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Here S is the Laplace wansform of the region of reduced pressure.
The exact solution to (1.6) is very complicated, so we shall consider
approximate solutions more suitable for calculation.
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§2. Let t be the time for which water is taken from the stratum,
which is not less than the smaller of 10 p;/c; and 10 y3°/o. In that
case, parameter p should have values not less than 0.1 &y /uj and0.1x
X o3 /us in the region of the images, andwe may put approximately that
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Equations (1.4) and (1.6) then become
81 = Sa. (2.2)
TaASs — we? Szt as Sy =0, @g% = pug* + o,
Ty ASy— 02 S+ 05 82 = 0, 0% = p pa* Loz, (2.3)
Ra* = g+ 2’ - s us®, Ba* o= -+ Vs ps° . (2-4)

A solution to (2.3) that is bounded as r => « is sought in the form
52 = ACKO (rﬁl) + DBKO (rﬁz),

Sy = CKy (1) + DKy (rBo) (2.8)

Here Ko(rB) is a modified zero-order Bessel function of the second
kind,
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Constants C and D are defined by conditions (1.3), so the solution
for large t is

Sa(r, P = 2 AR U (B — Ko B,
S (r, p)= 'E—E;QTP_ _A-i—l? {AKo (rB—BEy (rB1)},
S1{r, p) =8, (rp). 2.1

The following are particular examples in which the originals of the
functions are given in terms of tabulated functions.

(1) Rocks are very inhomogeneous, so hydrogeologic parameters
are of low accuracy. We assume that Ty and T, are of the same order,
as are {13 and 3, so T, =T, =T, pj =5 = 4°, which with (2.7) gives

B2 = (1/T) {p (0° + Y2 o + Yalts®) + s F 0 V1 + p?a®/ bas?) |

Since p is small, we have approximately that

=FTT ios ~T ASFTTT @9
and (2.7) becomtes
Sy = 4_;27.,; {Ko (Bs) — Ko (1)},
Sa= MQTP {Ko(rs) + Ko (vB1)} - (2.9)

Operational calculus gives us the originals:
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Functions W(u, §) has been tabulated [6]. These relationships give

hi=hs,  he=ho— L (Ei(—u)—W (v 8),

8nT

hemho— & Bi(—u) + W (1, )} - (2.10)

In particular, if the cover rock is taken as impermeable, the re-
lation for by drops out. Putting p; = 0 in (2.8), we get the solution
given by Shestakov [6], which he found by replacing the equations
for the band by a finite-difference equation, though he put o =1/2

instead of o = 1/3 in the expression a = T/()° + cj).
The pressure difference between the two strata is

ha(r, ) —ha(r, ) = 2 W (. 8) -

and for this we have the limiting relation

[Re (r, 8) —ha(r, )4 :E:%' Ko(8). (2.11)

The non-steady state part of the difference becomes unimportant for

u < 0.10 8%, From the limiting relation

(Fpy=1@),

we get from (2.8) that (2.11) retains its form for other permeabilities
of the strata if we assume that in the general case

lim pF (p) == f (e0)
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(2) We assume that the water is taken from the upper stratum, with
Ty » Ty (T4 = ), which gives us a scheme corresponding to the case

inwhich the lower stratum (containing more water)hasaheadh, = const,
without reference to the borehole. Putting Ty — = in (2.8), we have

2 =P . % 2% e %
B a+Tz. B2=0, i, (2.13)

and so the solution becomes

Ta=hy o=l 2 (3, 8)
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§4. If t does not exceed the smaller of 0.1 p3/o3 and 0.1 py/a, and
corresponds to a value of p not less than the larger of 10 ot3/p3 and
10 o4/, then approximately

O g, _BM oy,

sh {sms) JIER
M =0, =0. (3.1)
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Then (1.4) and (1.6) become
S1=0, AS; — @28 =0, 02=T21{pw"+k Vp/ag,
ASy— 0285 =0, 0l2=Ty " (pu +ks Vp/as) . (3.2)

The solution, bounded as r => %, that satisfies (1.2) and (1.3) is

S1=2582=0, Sy =

= _<__ 3.3)
TR Ko (rog) . (3.3)

We note that
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Function H(u, v) has been tabulated [6], so the solution for small t

is
b = ha = ho, Fa(r, Z):h0~[:i%4_[{(u, V). (3.5)

This solution indicates the importance of considering the elastic
mode of filtration in the main aquifers and in the band of low perme-
ability. The leakage through that band substantially reduces the pres-
sure drop in the stratum used for extraction, since the transfer of pres-
sure from one stratumn to the other occurs with a time delay. This
means that t must not be less than that given by (3.1) if pumping from
a borehole is performed in order to detect interaction of strata and to
determine hydrogeologic parameters.

For instance, if k; = 0.1 m/day, kg = 107 m/day, <my» =100 m,
my=10m, y =0.1, y3 = 107%, then (3.1) indicates that a reduction
in the pressures is to be expected not sooner than a day after the start
of pumping.
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